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LEARNING OBJECTIVES

The objective of the course is to impart the concept of calculus of variation and generalized
mathematical constructs in terms of algebraic structures mainly vector spaces. Both concepts
are extremely useful in physics, engineering, machine learning, economics and even life
sciences and social sciences. While linear algebra studies linear vector spaces, linear
transformations, and the matrices, calculus of variation is an important mathematical tool in
optimization. This course is intended to provide a solid foundation in both topics as used by
physicists and has direct applications in classical and quantum mechanics.

LEARNING OUTCOMES

After completing this course, student will be able to,

e Understand algebraic structures in n-dimension and basic properties of the linear vector
spaces.

Represent linear transformations as matrices and understand basic properties of matrices.
Determine the eigenvalues and eigenvectors of matrices and diagonalize the matrices.
Determine orthogonal basis for a vector space using Gram-Schmidt procedure.
Understand the concept of dual spaces and inner product spaces.

Apply vector spaces and matrices in the quantum world.

Understand what functionals are and appreciate their applications.

Solve Euler-Lagrange equations for simple cases.

Apply the techniques of calculus of variation to real world problems.

SYLLABUS OF DSE -3

THEORY COMPONENT

Unit -1 (18 Hours)
Calculus of Variation: Functionals and extrema, Euler’s equation for (i) one independent
and one dependent variable, (ii) several dependent variables and (iii) several independent
variables; variable end-point problems; application to problems (e.g. geodesics, catenary,
minimum area of soap film, brachistochrone, Fermat’s principle, Laplace equation etc.);
generalised coordinates and concept of Lagrangian; Hamilton’s principle, Euler-Lagrange’s
equations of motion and its applications to physics problems (e.g. simple pendulum and one
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dimensional harmonic oscillator and other problems)

Unit — 11 (12 Hours)
Vector Spaces as Algebraic Structures: Definition and examples of groups, rings, fields
and vector spaces; real and complex fields, use of ket notation |a > for vectors

Subspaces, linear combination of vectors, linear dependence and independence of vectors,
span of a subset of vectors, bases and dimension of vector space, direct sum of spaces,
representation of vectors as column matrix with R, as example

Inner Product Spaces: Inner product of vectors (< a|f >) and norm of a vector, Euclidean
spaces and unitary spaces, Cauchy-Schwartz inequality, concept of length and distance,
metric spaces. Hilbert Space (definition only); linear functional, dual space, dual basis (< a|
notation), orthogonality of vectors, orthonormal basis, Gram-Schmidt procedure to construct
an orthonormal basis

Unit — 111 (18 Hours)
Linear Transformation: Linear mappings and examples, homomorphism and isomorphism
of vector space, rank and nullity of a linear mapping, range space and Kernel (null space) of a
linear mapping, non-singular transformations

Matrices as Representations: Matrix representation of linear transformations, composition
of linear transformations and matrix multiplication, linear algebra. Algebra of matrices,
determinant and trace of matrix and their properties, non-singular matrices, rank of a matrix
and invertibility of matrices, direct sum and direct product of matrices. Change of basis
transformation, similar matrices; transpose and adjoint of a linear transformation, self-adjoint
operators; symmetric and Hermitian matrices; preservation of norms by orthogonal and
unitary transformations

Unit - IV (12 Hours)
Eigen-values and Eigenvectors: Eigen-values and eigen vectors of a transformation and
corresponding matrix representation; Cayley-Hamilton theorem (statement only), its
applications like inverse and powers of a matrix; eigen systems of Hermitian and unitary
matrices; diagonalization of matrices; normal matrices; simultaneous diagonalizability of two
matrices

Use of matrices in solving coupled linear first order ordinary differential equations with
constant coefficients, minimal polynomial, functions of a matrix.
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